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Abstract 

This paper investigates the second order properties of a stationary pro- 
cess after random sampling. While a short memory process gives always 
rise to a short memory one, we prove that long-memory can disappear 
when the sampling law has heavy enough tails. We prove that under 
rather general conditions the existence of the spectral density is preserved 
by random sampling. We also investigate the effects of deterministic sam- 
pling on seasonal long-memory. 
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1 Introduction 

The effects of random sampling on the second order characteristics and more 
specially on the memory of a stationary second order discrete time process are 
the subject of this paper. 

We start from X — (X„)„>o, a stationary discrete time second order process 
with covariance sequence ax{h) and a random walk (r„)„>o independent of X. 
The sampling intervals Aj = Tj — Tj-i are independent identically distributed 
integer random variables with common probability law S. We fix Tq — 0. 

Throughout the paper we consider the sampled process Y defined by 

r„-XT„ n = 0,l... (1.1) 

The particular case where S — 6k, the Dirac measure at point fc, shall be 
mentioned as deterministic sampling (some authors prefer systematic or periodic 
sampling). 
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Either because it corresponds to many practical situations, or because it is a 
possible way to model data with missing values, there is an extensive literature 
on the question of sampling random processes. 

Around the sixties, an important amount of publications in signal processing 
was devoted to the reconstruction of the spectral density of {Xn)n>i from a sam- 
pled version (Xt„)„>i. In case of deterministic sampling, this reconstruction 
is prevented by the aliasing phenomenon, (which is easily understandable from 
formula (|4.35p below). Several authors noticed that aliasing can be suppressed 
by introducing some randomness in the sampling procedure. See, without ex- 
haustivity, [3] , [TS] and [5D] where several random schemes are introduced. The 
idea of sampling along a random walk was first proposed in [2D] where the au- 
thors proved that under some convenient hypotheses, such a sampling scheme 
is alias-free when the characteristic function of S, S{X) — J2j>i S{j)e^-^'^ , is 



Later, in the domain of time scries analysis, attention was particularly paid to 
the effect of sampling on parametric families of processes. For example the effect 
of deterministic sampling on ARMA or ARIMA processes is studied in [5], [T7] 
and [21] among others. The main result is that the ARMA structure is preserved, 
the order of the autoregressive part being never increased after sampling. More 
generally, the stability of the ARMA family by random sampling along a random 
walk is proved in [T3] and [TH]. Precisely, if A{L)Xn — B{L)en and Ai{L)Yn = 
Bi{L)r]n are the minimal representations of X and of the sampled process Y, the 
roots of the polynomial Ai{z) belong to the set {J2j>i where the r^'s 

are the roots of A{z). As 5(1) ^ 1 impHes | J2j>i ^U)''"i\ < kfeL ^ consequence 
is that the convergence to zero of a-yih) is strictly faster than that of ax{h). So, 
random sampling an ARMA process along a random walk shortens its memory. 
In J8J it is even pointed out that some ARMA processes could give rise to a 
white noise through a well chosen sampling law. 

Only few papers deal with the question of the memory of the process ob- 
tained by sampling a long-memory one. The reader can find in [7] and [12j a 
detailed study of deterministic sampling and time aggregation of the FARIMA 
(0, d, 0) process with related statistic questions. These authors point out that 
deterministic sampling does not affect the value of the memory parameter d of 
the process. In the present paper we deal with random sampling of long memory 
processes. 

In all the sequel, a second order stationary process X is said to have long 
memory if its covariance sequence is non-summable 



In section [2] we present some related topics such that LP-convergence of 
(7y(/i) and absolute continuity of the spectrum. We show in particular that 
short memory is always preserved as well as absolute continuity of the spectral 
measure. The main results of the paper, concerning changes of memory by 
sampling processes with regularly varying covariances, are gathered in Section[3l 



injective. 




(1.2) 



h>0 
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We show that the intensity of memory of such processes is preserved if E(ri) = 
J2j^U) < cxD, while this intensity decreases when E(ri) = 00. For sufficiently 
heavy tailed S', the sampled process has short memory, which is somehow not 
surprising since with a heavy tailed sampling law, the sampling intervals can 
be quite large. In section 3] we consider processes presenting long- memory with 
seasonal effects, and investigate the particular effects of deterministic sampling. 
We show that in some cases the seasonal effects can totally disappear after 
sampling. 

2 Some features unchanged by random sampling 

Taking p = 1 in Proposition [T] below confirms an intuitive claim: random sam- 
pling cannot produce long-memory from short memory. Propositions [31 [3] and O 
state that, at least in all situations investigated in this paper, random sampling 
preserves the existence of a spectral density. 

2.1 Preservation of summability of the covariance 
Proposition 1. 

(i) Let p > 1. IfY^ \'^x\^ < 00, the same holds for cry, 

(ii) In the particular case p £ [1,2] both processes X and Y have spectral 
densities linked by the relation 

+00 



-1 '~r '-^ (• 7T 



where S{9) = E(e*^^i) is the characteristic function of S . 
Proof. The covariance sequence of the sampled process is given by 
fay(O) = ax(0) 



(2.3) 



where S*'^, the ft-times convoluted of S by itself, is the probability distribution 
ofTh. 

As the sequence Th is strictly increasing, ax{Th) is almost surely a subse- 
quence of ax{h). Then, ^ follows from 

^ |e {axin)) f < eE \^x{TnW < ^ \^x{hW. 

h h h 

The proof of ([n} is immediate, using ^ 



rE r e-^^^Eie^^^')fx{e)d9, 



27r 

is 
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where the series converges in tt, tt]) when p 7^ 1, the covariancc being then 

square-summable without being summable. □ 



2.2 Preservation of the existence of a spectral density 

Concerning the existence of a spectral density some partial results are easily 
obtained. Firstly, it is well known that the existence of a spectral density is pre- 
served by deterministic sampling (see (j4.35p below). Second, from Proposition 
[1] above it follows that, for any sampling law, the spectral density of Y exists 
when the covariancc of X is square summable. It should also be noticed that, 
when proving that the ARM A structure is preserved by random sampling, [18j 
(see also [13 ^ for the multivariate case) gives an explicit form of the spectral 
density of Y when X is an ARM A process. 

The three propositions below show that preservation of the existence of a 
spectral density by random sampling holds for all the models considered in the 
present paper. 

The proofs are based on the properties of Poisson kernel recalled in Appendix 

Ps(t) = i:( . ^e[o,i[. (2.4) 



2tt \ 1 — 2s cosi 

and the representation given in Lemma [5] of the covariancc of sampled process. 
Lemma 2. For all j > 0, 



+1- 



arij) = lim / e'^' g{r,9)d0 (2.5) 
where 



9{r,e) 



47r j^J""^^^ (i-re-'«5(A) 

i£MA)(l + p.,(.- 




Proof. The proof of the lemma is relegated in Appendix 15.11 □ 

Proposition 3. If fx is hounded in a neighbourhood of zero, the sampled process 
Y has a spectral density given by 



/y(A) = lim^ r fx{\)(- \ 



1 



d\ (2.8) 



'S'(A) 1 -re-'»5(-A)^ 
Proof. In the sequel we write 

5(A)=p(A)e-(^), (2.9) 

often denoted pe*'^ for the sake of shortness. 

The proof of the proposition simply consists in exchanging the limit and 
integration in 
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Firstly, it is easily seen that, if 6 ^ 0, g{r,9) has a limit as r — + 1~. Hence 
the proof is complete provided that conditions of Lebesgue's theorem hold. 
As we can suppose that the sampling is not deterministic, 

|S'(A)|<1 VAe]0,7r] 

(see [5]). Hence, thanks to the continuity of |>5'(A)|, 

sup |S'(A)| < 1 Ve > 0. 

tA|>e 

The integral (|2.6p is split in two parts: choosing e such that / is bounded on 
/e — [— e, e] and using the fact that the integrand in (|2.6p is positive (see (|5.42p ). 



fxWRe i + I dX 



< (sup/x) / Rel- ^ 



1 



dX 



'5(A) l-re*»5(A)^ 
which leads, thanks to Lemma fT3l to 

\l- re-~^^S{X) 1 - re«^S^(A) J h 

= 4^(sup/x). (2.10) 



Now, 



fx(X)Re ( + I dX 

if V 1 - re-»«5(A) 1 - re'«5(A) / 

fx{X) (^^ + P,.p(r -6)+ Prp{T + e)^ dX. 



Applying ([5^ with 



yields. 



s = rp(A) < p(A), t^T{X)±e, and = 1 - sup |S'(A)1 

|A|>e 



fx{X) + P,.p(T -6)+ Prp{T + e)]dX 



< jjx{\)dX 

< + f^WdX. (2.11) 
Gathering (|2.10p and (|2.1ip leads to the result via Lebesgue's theorem. □ 



5 



In the next two propositions, the spectral density of X is allowed to be 
unbounded at zero. Their proofs are in the Appendix. 

We first suppose that the sampling law has a finite expectation. It shall 
be proved in subsection 13.11 that in this case the intensity of memory of X is 
preserved. 

Proposition 4. IfKTi < oo and if the spectral density of X has the form 

fx{X) = lAj-^XA) (2.12) 

where (j) is nonnegative, integrahle and bounded in a neighbourhood of zero, and 
where < d < 1/2, 

then the sampled process has a spectral density fy given by i2.8\) . 

Proof. See Appendix 15.31 □ 

The case E(T'i) = cx) is treated in the next proposition, under the extra 
assumption (|2.13p meaning that S{j) is regularly varying at infinity. We shall 
see in subsection 13.21 (see Proposition [7]) how the parameter d is transformed 
when the sampling law satisfies condition (|2.13[) . In particular we shall see that 
if 1 < 7 < 3 — 4(i the covariance of the sampled process is square summable, 
implying the absolute continuity of the spectral measure of Y. The proposition 
below shows that this property holds for every 7 G]1, 2[ 

Proposition 5. Assume that the spectral density of X has the form i2.12\) If 
the distribution S satisfies the following condition 

S{j) ^ cj^^ when j 00 (2.13) 

where 1 < 7 < 2 and with c > 0, then the conclusion of Proposition is still 
valid. 

Proof, see Appendix 15.41 □ 

3 Random sampling of processes with regularly 
varying covariances 

The propositions below are valid for the family of stationary processes whose 
covariance ax{h) decays arithmetically, up to a slowly varying factor. In the 
first paragraph we show that if Ti has a finite expectation, the rate of decay of 
the covariance is unchanged by sampling. We then see that, when E(Ti) = 00, 
the memory of the sampled process is reduced according to the largest finite 
moment of Ti . 
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3.1 Preservation of the memory when E(Ti) < oo 

Proposition 6. Assume that the covariance of X is of the form 

ax{h) = h-°'L{h), 

where < a < 1 and where L is slowly varying at infinity and ultimately 
monotone (see ^40- If^{Ti) < oo, then, the covariance of the sampled process 
satisfies 

cry(/i) - h-°'{E{Ti)y"L{h) 

as h oo. 



Proof. We prove that, as h 

crxjTh) _ 
h-"L{h) ^ 

and that, for h large enough. 



m 



(E(ri))-" 



(JxiTh) 



h-°'L{h) 



< 1. 



(3.14) 



(3.15) 



Since T/j is the sum of independent and identically distributed random vari- 
ables T/j = X^j^i Aj, with common distribution Ti G L^, the law of large 
numbers leads to 

Th a.s. 



Now 



h 

m 



E(Ti). 



(3.16) 



(3.17) 



indeed, Th > h because the intervals Aj > 1 for all j and (|3.16p implies that for 
h large enough 

n < 2E(Ti)/i, 

Therefore, using the fact that L is ultimately monotone, we have 



L{h) < Lin) < L(2E(Ti)/i) 



(3.18) 



if L is ultimately increasing (and the reversed inequalities if L is ultimately 
decreasing). Finally (|3.18|) directly leads to (I3.17P since L is slowly varying 
at infinity (see Theorem 1.2.1 in [4 ). Clearly, p.l6p and p.l7p imply the 
convergence (13.141) . 

In order to prove (|3.15p . we write 



(TxiTh) 



/i-°L(/i) 
As a > and Th > h, 



-a/2 /rp \ -a/2 



m 



-a/2 rp-a/2 



Lin) 



/i-"/2L(/i) 



< 1. 
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Moreover, h "^'^L{h) is decreasing for h large enough (see [1]), so that 



h-^/^L{h) 



< 1. 



These two last inequalities lead to p.lSp 

Since ayih) = M{ax{Th)) we conclude the proof by applying Lebesgue's 
theorem, and we get 

□ 

3.2 Decrease of memory when E(Ti) = oo 

If E(Ti) = oo it is known that Th/h oo, implying that the limit in (|3.14p 
is zero. In other words, in this case the convergence to zero of cry (ft.) could be 
faster than The aim of this section is to give a precise evaluation of this 

rate of convergence. 

Proposition 7. Assume that the covariance of X satisfies 

Wx{h)\<ch-" (3.19) 

where < a < 1. 

liminf a;^P(ri > x) > (3.20) 

X — ^oo 

for some f3 G (0, 1) (implying K{T^) — (X ) then 

Wrih)] <Ch~°'/'^. (3.21) 
Proof. From hypothesis (|3.19p . 

|ay(ft)|<E(|ax(r,,)|)<cE(T,7") 

Then, 

OO 

= E^(^''^^^')(r"-o- + i)-") 

OO 

< aY,P{n<j)r''-\ (3.22) 

3=0 

From hypothesis (|3.20p on the tail of the sampling law, it follows that, for large 
enough h, 

P{Th <3) < P f max A, < j] = P {T, < jf 

\l<l<h I 

< (l-Cj-^)'" <e'^. (3.23) 
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Gathering (P?^ and ([g:^ then gives 



Ch 



E(r-")<a^j-"-V 

The last sum has the same asymptotic behaviour as 



h 

and the resuh follows since, as /3 < 1, 

.hi-" .00 



Jo -/o 



□ 



Next proposition states that the bound in Proposition[7]is sharp under some 
additional hypotheses. 

Proposition 8. Assume that 

ax{h) = h-°'L{h) 

where < a < 1 and where L is slowly varying at infinity and ultimately 
monotone 
If 

/3=:sup{7:E(r7)<oo}€]0,l[ (3.24) 

then, for every e > 0, 

avih) > Cih^f-". (3.25) 

Proof. Let £ > 0. We have 



2 /3e 



where 

- a//? + e 1 / a + /3e 
— — ' 



+ f /?Va + /3£/2 
Using Proposition 1.3.6 in [3], 

TfL{Th) +00 a.s 

Moreover (5 > ^. From ([XM]) . this imphes E(r;i^^*) < 00. Then, the law of 
large numbers of Marcinkiewicz-Zygmund (see [52] Theorem 3.2.3) yields 

Th Q ^ (3.26) 

Therefore by applying Fatou's Lemma 



00 

— > 00. 



□ 
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3.3 The particular case of the FARIMA family 

A FARIMA {p,d,q) process is defined from a wfiite noise (£„)„, a parameter 
d £]0, l/2[ and two polynomials A{z) — + oiz^"^ + . . . + Up and B{z) = 
z'^ + h\z'^^^ + . . . + 6q non vanishing on the domain \z\ > 1, by 

X„ - B{L)A-\L){I - ly^en (3.27) 

where L is the back-shift operator i[/„ = C/„_i. The FARIMA (0, d, 0) 

VF„ = (/ - L)-'^£„ 

introduced by Granger [TT] is specially popular. 

It is well known (see [B]) that the covariance of the FARIMA {p, d, q) process 
satisfies 

ax{k) ck^'^^^ asfc->oo, (3.28) 

allowing the above Propositions [SI [7] and [5] to apply. The results can be sum- 
marised as follows. 

Proposition 9. Sampling a FARIMA process \3.2'T^ , with a sampling law S 
such that, with some 7 > 1 

5(j) = P(Ti j) ^ cj-^ asj^oo, (3.29) 

leads to a process {Yn)n whose auto covariance function satisfies the following 
properties 

(i) ifi>2, 

avih) -^Ch^'^-^. (3.30) 

(ii) ifj<2, 

(j^j^(2d-l)/(^-l)-e < < ^^^(2d-l)/(7-l)^ > 0. (3.31) 

Consequently, the sampled process (!"„)„ has 

• the same memory parameter if j >2, 

• a reduced long memory parameter if 2(1 ~ d) < 7 < 2, 

• short memory i/ 1 < 7 < 2(1 — d) 

Proof. 

For Ti has a finite expectation. Hence Proposition [B] applies leading to 

avih) - c/i^-^-i. 

For (ini) , the conditions of Propositions [7] and [5] in section 13.21 are satisfied 
with /3 = 7 — 1 and a = 1 — 2d, leading to (|3.3ip Since 

1 - 2d 

> 1 - 2rf, if 1 < 7 < 2, 

7- 1 
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l-2d 
7-1 



> 1, 



the intensity of memory is then reduced except to the case 7 = 2. 

The loss of memory is such that if 1 < 7 < 2(1 — d) it happens that 
implying the convergence of the series J2 \'^Yih)\. In this case random sampling 
has created short-memory. □ 

We illustrate this last result by simulating and sampling FARIMA(0,o?,0) 
processes. 

Simulations of the trajectories are based on the moving average representa- 
tion of the FARIMA (see [T]). 
The sampling distribution is 



Pis = k) 



rk+l 
Jk 



(7-l)r'' di~Cfc~'^, 



(3.32) 



which is simulated using the fact that when u is uniformly distributed on [0, 1], 
the integer part of u^^^^~'>'> is distributed according (|3.32p . 



U no t> served process 



gamma= 2.8 



gamma= 1.9 



flntiiln; 



O 5 10 15 



Figure 1: Auto covariance functions of X [left] and of two sub sampled processes 
corresponding to 7 = 2.8 [middle] and 7 = 1.9 [right]. The number of observed 
values of the sub sampled processes is equal to 5000 

In Figure[T]are depicted the empirical auto covariances of a trajectory of the 
process X and of two sampled trajectories Yi and Y2 . The memory parameter 
of AT is d = 0.35 and the parameters of the two sampling distributions are 
respectively 71 = 2.8 and 72 — 1.9. According to Proposition [51 the process Yi 
has the same memory parameter as X, while the memory intensity is reduced 
for the process 12- 
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Then we estimate the memory parameters of the sampled processes by using 
the FEXP procedure introduced by [HI [2] . The FEXP estimator is adapted 
to processes having a spectral density. From Propositions [5] and 01 this is the 
case for our sampled processes. Figure [5] shows the estimate and a confidence 
interval. Two values, d = 0.1 (lower curves) and d = 0.35 (upper curves) of 
the memory parameter of X are considered. In abscissa, the parameter 7 of the 
sampling distribution is allowed to vary between 1.7 and 3.3. From Proposition[9] 
the value of the memory parameter is d if 7 > 2 and d— 1 + 7/2 otherwise. In the 
case d = 0.1 short memory is obtained for 7 < 1.8. In the case d — 0.35, sample 
distributions leading to short memory are too heavy tailed to allow tractable 
simulations. 



— — d_0.1 
d_0.35 



000000000000 o o 




o o 



1 .6 1 .8 



2.2 2.4 2.6 2.8 



3.2 3.4 



Figure 2: Estimation of the long memory parameter for d = 0.1 and d = 0.35 
as function of parameter 7. The confidence regions are obtained using 500 
independent replications. The circles represent the theoretical values of the 
parameter obtained in Proposition^ For each 7, the estimation of d is evaluated 
on 5000 observations 



4 Sampling generalised fractional processes 

Consider now the family of generalised fractional processes whose spectral den- 
sity has the form 



fxW 



M 



(4.33) 
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with exponents dj in ]0, l/2[, and where [^(A)^ is the spectral density of an 
ARMA process. 



4.1 Decrease of memory by heavy-tailed sampling law 

See [H], [14], [19] for results and references on this class of processes. Taking 
M = 1 and 0i = 0, it is clear that this family includes the FARIMA processes, 
which belong to the framework of section |3| It is proved in [14. that as ft. ^ oo 
the covariance sequence is a sum of periodic sequences damped by a regularly 
varying factor 

axih) = ft^'^-i cij cos{h0j) + C2j sin(Mj) + o(l)) (4.34) 

where d = max{(ij;j — 1,...,A/} and where the sum extends over indexes 
corresponding to dj = d. Hence, these models generally present seasonal long- 
memory, and for them the regular form ax{h) = h'^'^~^L{h) is lost. Precisely, 
this regularity remains only when, in (I4.33p . d — maxjiij; = 1, . . . , A/} corre- 
sponds to the unique frequency 9 = 0. In all other cases, from (j4.34p . it has to 
be to be replaced by 

axih) = Oih^''-'). 

From the previous comments it is clear that Propositions [6] and [8] are no 
longer valid in the case of seasonal long-memory. That means that in this 
situation, it is not sure that long memory is preserved by a sampling law having 
a finite expectation. But it is true that long-memory can be lost. Indeed, 
Proposition 13 applies with a = 1 — 2d where d = maxjdj; j = 1, • ■ • , M}, and 
the following result holds: 

Proposition 10. When sampling a process with spectral density ^755[) along a 
random walk such that the sampling law satisfies h3.29\) . the obtained process has 
short memory as soon as 1 < 7 < 2(1 — d) where d = maxjdj; = 1, . . . , M}. 



4.2 The effect of deterministic sampling 

In a first step we just suppose that X has a spectral density fx, which is 
unbounded in one or several frequencies (we call them singular frequencies). It 
is clearly the case of the generalised fractional processes. The examples shall be 
taken in this family. We investigate the effect of deterministic sampling on the 
number and the values of the singularities. Let us suppose that S = 6k, the law 
concentrated at k. It is well known that if X has a spectral density, the spectral 
density of the sampled process Y = (Xfc„)„ is 

(4.35) 



iik = 2£ 
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Proposition 11. Let the spectral density 0/ (X„)„ have Nx > 1 singular fre- 
quencies. Then, denoting by Ny the number of singular frequencies of the spec- 
tral density of the sampled process (Yn = Xkn 



Kn In 



• I < Ny < Nx- 

• Ny < Nx if and only if fx has at least two singular frequencies Xq ^ Ai 
such that, for some integer number j* , 

A A - 2^^* 

Proof. We choose fc = 2£+ 1 to simplify. The proofs for k = 2£ are quite similar. 
Now remark that for fixed j, 



2e + i ^ ' • 



— TT — 27rj TT — 27rj 

2e+l ' 21 + 1 



for A G [— TT, tt[ 



The intervals Ij are non overlapping and U^^_^/j = tt, n[. Now suppose that 
fx is unbounded at some Aq. Then fy is unbounded at the unique frequency 
A* satisfying Aq — ^ 2e'+i° ^ suitable value Jq of j. In other words, to every 
singular frequency of fx corresponds a unique singular frequency of fy. As a 
consequence, the number of singular frequencies of fy is at least 1, and cannot 
exceed the number of singularities of fx • 

It is clearly possible to reduce the number of singularities by deterministic 
sampling. Indeed, two distinct singular frequencies of fx, Xq and Ai produce 
the same singular frequency A* of fy if and only if 

A*-27rjo , J A*-2^j 



= Ao, and — — = Ai, 



2£+l ' 2^+1 

which happens if and only if Aq — Ai is a multiple of the basic frequency ■ 

□ 

Proposition [11] is illustrated by the three following examples showing the 
various effects of the aliasing phenomenon when sampling generalised fractional 
processes. 

We take k = 3, so that the spectral density of Y is 

Example 1. Firstly consider fx{X) — |e*'^ — 1|^^'', the spectral density of the 
FARIMA (0, d, 0) process. Then 



/.(A) = i (I 



,,e'^^ -ir"" + |e'3 -ir"" + |e' 

has, on [— tt, 7r[, only one singularity at A = 0, associated with the same memory 
parameter d as for fx{X). The memory of Y has the same characteristics as 
the memory of X. This was already noticed in [7] and [l2] . 
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Example 2. Consider now fxW = \e^^ — e~5^ |~^'^|e*'^ — e~3^ |~^'', the spectral 
density of a long-memory seasonal process (see [H]). The sampled spectral 
density is 



/y(A) = ^ E |e 



1 



3 ^ ' 

and is everywhere continuous on [— 7r,7r], except at A = where 

/y(A)^c|Ar2f 

In other words the memory is preserved, but the seasonal effect disappears after 
sampling. 

Example 3. Consider now a case of two seasonalities (±7r/4 and ±37r/4) asso- 
ciated with two different memory parameters di and 6,2'. 

fx{\) = |e*^ -e'r|-2rfi|e*^ -eT^|-2'ii|e*^ -eT^|~2'i2|e»A _g^|-2d2^ 

It is easily checked that fy has the same singular frequencies as fx, with an 
exchange of the memory parameters: 

/y(A) ~ cA±— near T7''/4 

37r -2^1 

/y(A) cA±— near =F37r/4. 

5 Appendix 

5.1 Proof of Lemma [2] 

Let us consider the two ^-transforms of the bounded sequence cry(j): 



^vi^) = ^z'<^yU) 1^1 < 1 

3=0 



and 



On the first hand, from the representation 

=E(r7x(r,)) = r /x(A)5(A)^dA, 
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we have 



ay{z) = £ £^ /(A) (5(A))' dX = 7^^^^^' 1^1 < ^5.36) 
a+(z) = f2^~^ r f(X)(Si\)ydX^ r ^^d\, |z| > 1(5.37) 



3=0 



On the second hand, let Cr be the circle \z\ — r. If < r < 1, for all j > 

/ aY{z)z-^-^dz = ^ I {re'^)-^aY{re''^)d9 

= f:"-^^^ re^('-)^d^ = a,(,),(5.38) 
1=0 ^ •'-'^ 

and, similarly, if r > 1 

— / a+{z)z^-^dz = — r {re'^ya+{re''')de 

= E^^^ f e^^^-^^'de = aHj), (5.39) 

Gathering with and (jOT)) with leads to 

fir e-J"/'^-, p ^W^dA^de, ifr<l 

Changing the integrand in (j5.40p into its conjugate when r < 1, and r for 
1/r when r > 1 leads to gives 

e'^'^g{r,e)de,, Vre[0,l[ (5.41) 

where (7(r, 0) is defined in (|2.6p . As the first member does not depend on r, 
is proved. 

Let us now prove (|2.7p . Firstly, 

/m 



1 -re-'»S'(A) l-re-'»5(-A)^ 
1 / 1 1 



2 \ 1 _ re-»«S'(A) 1 - re~'<>S{-X) 1 - re*«S'(-A) 1 - re»«5(A) 
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is an odd function of A. Hence, the imaginary part of the integrand in 
disappears after integration. 
Secondly, 

Re ^ 



_ 1 - re-''^S{X) 1 - re-'f>S{-X) J 

_ 1 ( l-r2|5(A)|2 l-r2|^(A)|2 



2 \^ |1 - re'^es[X)\2 |i _ re-*»S'(-A)|2 

and the proof is over. 

5.2 A few technical results 

Hereafter we recall some properties used in the paper. 
Lemma 12. The Poisson kernel P^P satisfies 



2 , (5.42) 



1 — 1 + s 2 

2TrPs(t) < ^ = < - Vs < 1 - r;, with s < I. (5.43) 

(1 — s)^ 1 — S ?] 

0<6<\t\<^^P,it)<P,{S). (5.44) 

27r sup P^(t) = V< e] -7r/2,7r/2[. (5.45) 
o<s<i |smi| 

Proof. The bound (|5.43p is direct. Inequality (|5.44p comes from the monotonic- 
ity of the kernel with respect to s. 
Let us prove (|5.45p : 

d /p. NX cost — 2s + cosf 

d^^ '^^''^ (l + s2_2scost)2- 

It is easily checked that the numerator has one single root sq = ^~cos"t *^ 

and Pso{t) = I sin^l^^ □ 

The following result comes from spectral considerations. 

Lemma 13. With p = p(A) and r = r(A) defined in h2.9j) . for all r G [0, 1[ and 

9 €]- 7r,7r[, 



<?*(r, 6) := i (^i + P,p{T -9)+ Prp{T + 9)^ dX = 1 



(5.46) 
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Proof. Notice first that ii fx = 1, the process X is a white noise with Var(Xi) = 
27r. Hence, the sampled process is also a white noise with variance 27r. Applying 
(|2.6p to a white noise, we get 



2T:5o{j)=r-^ e'^" g*{r,e)de. (5.47) 

J —IT 

for all r e [0, 1[. Since r^So{j) — So{j), we can rewrite (|5.47p as 

2^-50 0)= r e'''9*{r,0)d9. 



This means that g*{r,9) is the Fourier transform of (27r(5o(i))j- Consequently 
g*ir,9) = l. □ 

5.3 Proof of Proposition [4] 

As for Proposition [3l the proof consists in finding an integrable function g{6) 
such that 

\gir,e)\<g{e) Vre]O,l[,0G]-7r,^[. (5.48) 
For that purpose, we need the following estimation of S{X) near zero. 

|1-^(A)| ^ (l-e-)E5W^ Hl-e-||E^O>^^^ 

^-^ 1 — e*^ \ -'^ smA/2 

= |2zsin(A/2)e^V2|^j-5(^-) ^2|sin(A/2)|^j5(j) < \X\J2jSij) 

]>i ]>i j>i 

= C\\\. (5.49) 

Now we use the fact that 

\u\ < uo < 1 =^ |1 — u| > 1 — uo and sin(arg(l — u)) < uq. 

Since uo < 7r/2, this implies arg(l — u) < ttuo/2. 
From this and inequality (|5.49|) we obtain 

|A|<^^|r(A)|<^ (5.50) 

For a fixed 6* > let Aq be such that cj) is bounded on [— Ao, Aq]. Denoting 

1 6 



b{9) = min|Ao, j > 

we separate [— 7r,7r] into four intervals: 

[-7T,-b{0)l [-b{0),Ol ]O,b{0)], ]b{0),n]. 
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In the sequel we only deal with the two last intervals, and concerning the inte- 
grand in (|2.7p we only treat the part Prp{T — 9): 

Me) 

im + h{e) = / f{x)Prp(x){T{\)-e)d\ + 

f{\)PrpiX){T{\)-6)d\. 

m 

• Bounding Ii. 

From (|5.50p . since b{6) < 9/{ttC), we have |t(A)| < 6/2 which implies 

l<\r{x)-e\. 

Via ((04)) and ((05)) . this leads to 

Prp{r^9)<Prp{e/2)<j^. 

Consequently 

\\-2d+l 



IV Jq w 

since 6(6*) < e/{TiC) and -2d+l > 0. 
• Bounding I2: 

When A > b{9), we have A"^'' < C2 maxj^"^*^, 1} for some constant C2. 
Hence 

(5.51) 



h < C2 maji{0-^'^, 1} f <P{\)Prp{e - T)d\. 

J —IT 



Since </> is bounded in a neighbourhood of zero, the arguments used to prove 
Proposition [3] show that the integral in (|5.5ip is bounded by a constant. 

Finally Ii +I2 is boimded by an integrable function g{d) and the proposition 
is proved. 

5.4 Proof of Proposition [5] 

The following lemma gives the local behaviour of 5(A) under assumption (|2.13|) . 
Lemma 14. Since S{j) ^ cj^^ with 1 < 7 < 2 and c > 0, 

|A|i-''(l - 5(A)) ^ Z, ifX ^ 0. (5.52) 
where Re{Z) > and Im{Z) < 0. 
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Proof. From the assumption on S{j), 



^5(j)(l-cos(jA)) ^A^o c^r^(l-cosO-A)) 



and 



^S'(j)sin(jA) -A-^o c^j ''sin(jA). 

Then, using well known results of Zygmund ([23j pages 186 and 189) 
^j-^(l-cos(jA)) ^A^o ^\Xr' c^\Xp-\ 



and 

^r^sin(jA) ~A^o cr(l-7)cos(^)|Ar-i=:c2|Ari 

It is clear that ci > 0, and C2 < follows from the fact that r(a::) < for 
X e] - 1, 0[ and cos (7r7/2) < 0. □ 

In the sequel we take A > 0. From this lemma, if A is small enough (say 
0< A< Ao), 

csA'^^i < t(A) < 4A^~i (5.53) 

and 

1 - C4A^~^ < p{X) < 1 - ^A'^-i (5.54) 

where the constants are positive. 

For a fixed 6* > 0, we deduce from (|5.53p 



X<mmlXo,i^-^j > implies < 9 - c'^X''-^ < 6 ~ t{X) (5.55) 



1/(7-1)' 

After choosing Ai < Aq such that (j) is bounded on [0, Ai] define 

c(0)=min<^Ai,(^-j L 

Then we split [— tt, tt] into six intervals 

[-^,-Ai[, hAi,-c((?)/2[, hc(0)/2,O[, ]O,c(0)/2], ]c(0)/2,Ai], ]Ai,7r]. 
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We only consider the integral on the three last domains and the part Prpir — 
6) of the integrand in (|2.7p . 

• When A g]0, c(6')/2], inequahty (|5.55p and properties (|5.44p and (|5.45p of 
the Poisson kernel lead to 



Prp{e -t)< Prp{e - 4A^-i) < 7— ^ 

a ~ 

whence 



c(e)/2 i-c{e)/2 .-2d 

h = I f{x)Prp{e-T)dx<c[ I ^^—^dx 



< '^i / n n T^^ 

^ ' 6i-c(jAT-i 



Jo 1 - " 

Since "^^^"'^ — 1 > — 1, the last integral is finite, implying 

, -2d+l -I 

which is an integrable function of 9. 

• Thanks to (|5.43p and to the r.h.s. of (|5.54p . we have on the interval 
]c(0)/2,Ai] 

Prp{9-r)<^. 
Since is bounded on this domain, 

h < C'y, sup 0(A) / ' A-2'i+i-7rfA 

0<A<Ai Jc(e)/2 
^ C3 ™P0<A<Ai 0(^) /,-2d+2-7 (r(e)/2)^^'^+^^A 

-2d+2-7 V 1 )/ ) J 

-2d+2-7N 



cWAr''^+^-^+ min Ai, 



1/(7-1)' 

c'3. 



where the function between brackets is integrable because 

-2d + 2-7 _ -2d+l 



7 — 1 7^1 

• Finally, 

/•TT 

-2d 



- 1 > -1. 



I3 = / f{X)Prp{e " A)dA < Ar"'' / <^(A)P,p(0 - A)dA 
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which has already been treated since </> is bounded near zero. 

Gathering the above results on 7i , I2 and completes the proof. 
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